Abstract. We investigate entanglement properties in dimerized and frustrated spin-one models by applying the concept of negativity. On the basis of the relation between negativity and correlators, negativities are numerically calculated. We study the effects of dimerization and frustration on entanglement. We also consider the case of finite temperature, and determine the threshold temperature before which the thermal state is doomed to be entangled.
Introduction
Since Haldane predicted that the one-dimensional Heisenberg chain has a spin gap for integer spins [1] , the physics of quantum spin chains has been the subject of many theoretical and experimental studies [2] - [4] . Moreover, the spin-one chain described by the bilinear-biquadratic model exhibits a very rich phase diagram [5] .
Recently, the study of entanglement properties in Heisenberg chains received much attention [6] - [46] . Quantum entanglement lies at the heart of quantum mechanics and can be exploited to accomplish some physical tasks such as quantum teleportation [47] . Spin-half systems have been considered in most of these studies. However, due to the lack of entanglement measure for higher spin systems, the entanglement in these systems has been less studied. There are many ongoing works on entanglement in spin-one chains. Fan et al [32] and Verstraete et al [33] studied entanglement in the bilinear-biquadratic model with a special value of γ = 1/3, i.e., the AKLT model [2] . Zhou et al [34] studied entanglement with the bilinear-biquadratic Hamiltonian for the case of two spins. Wang et al [46] obtained some analytical results of entanglement in spin-one chains.
Dimerized systems play an important role in condensed matter theory, and entanglement in dimerized systems has been considered [31, 37] . Frustrated systems with next-nearest-neighbour (NNN) interactions are also important in condensed matter physics. It is true that there exist some quasi-one-dimensional compounds offering us systems with NNN interactions. Bose and Chattopadhyay [42] and Gu et al [35] have investigated entanglement in frustrated spin-half Heisenberg chains.
In this paper, by using the concept of negativity [48, 49] , we study entanglement in both the dimerized and frustrated spin-one Heisenberg models. The dimerized system is described by the following Hamiltonian:
where the S i is the ith spin-one operator and J 1 and J 2 denote the coupling strengths. The number of spins is chosen to be even, and the periodic boundary condition is adopted here. The frustrated model is described by the following Hamiltonian:
where J 1 and J 2 are the nearest-neighbour (NN) exchange interaction and the NNN interaction respectively. Obviously, both Hamiltonians are SU(2)-invariant. Entanglement in a system with a few spins displays the general features of entanglement with more spins. For instance, in the anisotropic Heisenberg model with a large number of qubits, the pairwise entanglement shows a maximum in the isotropic point [35] . This feature was already shown in a small system with four or five qubits [36] . So, the study of small systems is meaningful in the study of entanglement as they may reflect the general features of larger or macroscopic systems. Also, due to limitations of our computation capability, we concentrate only on small systems such as 4-, 5-and 6-spin models.
We study entanglement in the thermal state. The state of a system at thermal equilibrium described by the density operator ρ(T ) = exp(−βH )/Z, where β = 1/k B T , k B is the Boltzmann's constant, which is assumed to be 1 throughout the paper, and Z = Tr{exp(−βH )} is the partition function. The entanglement in the thermal state is called thermal entanglement.
We organize the paper as follows: in section 2, we give an introduction of negativity and the relation between negativity and two correlators for the SU(2)-invariant states. In sections 3 and 4, we study the effects of dimerization and frustration on entanglement, respectively. The conclusion is given in section 5.
Negativity and correlators
For the case of higher spins, a non-entangled state has necessarily a positive partial transpose (PPT) according to the Peres-Horodecki criterion [48] . In the case of two spin-halves, and the case of (1/2,1) mixed spins, a PPT is also sufficient. However, in the case of two spin-one particles, a PPT is not sufficient. Nevertheless, the negative partial transpose (NPT) gives a sufficient condition for entanglement and, due to the SU(2) symmetry in our systems, the NPT is expected to fully capture the entanglement properties.
The Peres-Horodecki criterion gives an effective qualitative way for judging whether the state is entangled. The quantitative version of the criterion was developed by Vidal and Werner [49] . They presented a measure of entanglement called negativity that can be computed efficiently, and the negativity does not increase under local manipulations of the system. The negativity of a state ρ is defined as
where µ i is the negative eigenvalue of ρ T 2 , and T 2 denotes the partial transpose with respect to the second subsystem. The negativity N is related to the trace norm of ρ T 2 through the relation
where the trace norm of ρ T 2 is equal to the sum of the absolute values of the eigenvalues of ρ T 2 . If N > 0, then the two-spin state is entangled. For an arbitrary pure state, we can write it in its Schmidt form | = M α=1 c α |e α ⊗|e α , where c α > 0. Then the negativity is given by [49] 
For the maximally entangled state
Clearly, the maximal value of negativity for two qutrits is 1.
Schliemann has analysed the Peres-Horodecki criterion in systems with SU(2) symmetry [44] . The SU(2)-invariant state of two spin-one particles takes the following form [44] :
where |S, S z denotes a state of total spin S and z component S z and G, H are two parameters. From this simple form, one can derive the negativity, which is given by [46] 
We see that, for the SU(2)-invariant state, the negativity is determined by two correlators (S i · S j ) and (S i · S j ) 2 . This expression greatly facilitates the following study of entanglement properties.
Dimerized model
In this section, we study entanglement in the dimerized model. From the expression given by equation (7), the two correlators completely determine the negativity. On the basis of this relation and the exact diagonalization method, we can numerically compute the negativities. When the negativity is larger than zero, the state is doomed to be entangled.
Negativity at a low temperature
In figure 1 , we plot the negativities N (12) and N (23) . Note that, in all the plots in this paper, we take J 1 = 1. From figure 1(a) , we see that, for the four-spin model, the negativity N (12) reaches its maximum 1 at J 2 = 0. Clearly, when J 2 = 0, the chain is reduced to two uncoupled spin-one pairs. In this situation, the negativity can be analytically obtained and N (12) = 1 at zero temperature [46] , consistent with our numerical results. When the exchange interaction J 2 increases after J 2 = 0, N (12) decreases quickly and vanishes at about J 2 = 2.48. The case of J 2 < 0 is also considered, and we find that, with the increase in absolute value of J 2 , N (12) decreases from the maximum to a steady value of about 0.4 without attaining zero. The negativity N (23) behaves quite differently. We can see that, in the region of J 2 0, N (23) remains at zero; N (23) is a little larger than zero just when J 2 = 0.35, and then becomes nonzero and increases gradually to the limit of 1. Now look at the six-spin case. The plot of negativity versus J 2 is shown in figure 1(b) . The behaviours of the negativity are very similar to those of the four-spin case. The visible difference is that, when J 2 < 0, with the increase of |J 2 |, N (12) goes to a steady value about N (12) = 0.037, which is much less than that in the four-spin model.
Obviously, the increase of exchange interaction J 2 suppresses the entanglement of spins coupled by J 1 . When J 2 > 0, the increase of J 2 can enhance the entanglement between spins coupled by J 2 , but when J 2 < 0, the increase of |J 2 | cannot enhance N (23) .
Negativity at finite temperatures
At a larger finite temperature, because of the mixture of less entangled excited states to the ground state, entanglement of the system will be weakened. We plot the negativities N (12) and N (23) as a function of the exchange interaction coefficient J 2 and the temperature T in figures 2 and 3, respectively.
From figure 2, due to the thermal fluctuation and the exchange interaction J 2 , N (12) is suppressed. The negativity N (12) has nonzero values in the region of J < 2.48 and T < 1.37. We may notice the curve on the J 2 -T plane just lying on the boundary of the zero and nonzero Figure 1 . Negativity versus the exchange interaction coefficient J 2 at the low temperature T = 0.05 in the four-spin dimerized system (a) and a six-spin model (b) . N (12) and N (23) denote the negativities between the spins coupled by J 1 and between the spins coupled by J 2 , respectively.
negativities. It just shows T th changes when J 2 varies in the regions of J 2 < 2.48, where T th is a threshold temperature at which the negativity just vanishes. From another point of view, there exists a threshold J 2th and, from the curve on the J 2 -T plane, we can also find that J 2th is not affected greatly by varying the temperature.
In figure 3 , we show how N (23) behaves at finite temperatures. Also, the thermal fluctuation suppresses the negativity to zero finally. But just because the exchange interaction J 2 helps to enhance the N (23) , there should exist a competition between the thermal fluctuation and the interaction J 2 . So, the threshold T th increases nearly linearly when J 2 increases, which is in sharp contrast with the behaviours of N (12) .
Frustrated model
For the frustrated model, we may also use equation (7) to compute the negativity as there also exists an SU(2) symmetry in the model. In the frustrated model, there is a competition between the NN and NNN interactions. So, the model displays some special features of entanglement. (23) versus the exchange interaction coefficient J 2 and the temperature T in the four-spin dimerized model.
Negativity at a low temperature
In figure 4 , we plot the negativities versus J 2 in the four-spin system at a lower temperature. The negativity N (12) keeps a steady value 1/3 when J 2 increases from J 2 < 0 to J 2 = 0.5 and, then, (12) and N (13) versus the NNN interaction coefficient J 2 at the temperature T = 0.02 in the four-spin system. N (12) and N (13) denote the negativities of NN and NNN spins, respectively. The inset shows the groundstate energy and a few nearest excited energies versus J 2 .
N (12) falls to zero. In contrast, the negativity N (13) goes up to a nonzero value of 1 at the point J 2 = 0.5. This behaviour is due to the energy level cross at the point J 2 = 0.5, as seen clearly from the inset to figure 4. Before and after the critical point, the entanglements display distinct behaviours.
For the five-spin system, numerical results of negativities versus J 2 are plotted in figure 5 . From the inset, we observe that there are two level-crossing points J 2 = −3.32 and J 2 = 1, which is a particular feature of the five-spin system. These two critical points greatly affect the behaviours of entanglement. Over the region between the two points, N (12) stays at a steady value of about 0.124, and out of the region, N (12) falls to zero. For the negativity N (13) , it only obtains a nonzero value after J 2 = 1, and before that, it always remains at zero. Moreover, the nonzero values of N (12) and N (13) are the same. For larger systems such as the six-spin chain, as shown in figure 6 , the negativities show very different behaviours from the former cases. When J 2 < 0, as |J 2 | increases, N (12) tends to a steady value of about 0.223, and it gets the maximum value of 0.263 near J 2 = −0.3. At J 2 ≈ 0.366, N (12) displays a decrease. With N (12) decreasing, N (13) gets a little jump from zero and then increases gradually to 0.312. N (12) disappears after about J 2 = 2.22. The complex rich behaviours of N (12) may be due to the very close energy levels as shown in the inset. There is a level crossing at about J 2 = 0.366. The approximate degenerate energy levels can remarkably change the occupation probability of a eigenstate in the thermal state even at a very low temperature, thereby greatly affecting the negativity. (12) and N (13) versus the NNN interaction coefficient J 2 at the temperature T = 0.02 in the five-spin system. N (12) and N (13) denote the negativities of NN and NNN spins, respectively. The inset shows the groundstate energy and a few nearest excited energies versus J 2 . Figure 6 . N (12) and N (13) versus the NNN interaction coefficient J 2 at the temperature T = 0.05 in the four-spin system. N (12) and N (13) denote the negativities of NN and NNN spins, respectively. The inset shows the groundstate energy and a few nearest excited energies versus J 2 . 
Negativity at finite temperatures
We consider the effects from both the thermal fluctuation and the NNN interaction. Similar to the dimerized model, thermal fluctuation suppresses the entanglement, while the NNN interaction has different effects on the N (12) and N (13) . In figure 7 , we show the negativity N (12) versus J 2 and T in the four-spin system. With increasing temperature, the negativity is suppressed until it vanishes. The NNN interaction has (13) versus the NNN interaction J 2 and the temperature T in the five-spin system. a frustration effect on N (12) . So, only in the region J 2 < 0.5 and T < 2.04, can the negativity survive. On the J 2 -T plane, from the curve just detaching the nonzero and zero negativities, we can see that the threshold temperature T th is a decreasing function of J 2 . On the other hand, N (13) (see figure 8) does not appear before J 2 = 0.5. The thermal fluctuation suppresses and finally completely destroys the negativity. But the NNN interaction enhances the entanglement of NNN spins, so the threshold temperature T th is an increasing function of J 2 . Negativity N (13) versus the NNN interaction J 2 and the temperature T in the six-spin system.
In figure 9 , we present the negativity N (12) versus J 2 and T in the five-spin system. The negativity N (12) here exhibits some strange phenomena. It has only a nonzero value approximately in the region of −3.32 < J 2 < 1 and T < 1.15. N (12) is suppressed by the thermal fluctuation, but is not as smooth as in the four-spin case. We see that it exhibits some ridges. The threshold temperature T th does not behave as a monotonic function of J 2 and takes its maximum at about J 2 = − 1. The NNN negativity N (13) is shown in figure 10 . The main property is very similar to the case of the four-spin case, except that N (13) exhibits a dent and is larger than zero when J 2 > 1. Figure 11 shows N (12) versus J 2 and T in a six-spin frustrated model. When J 2 < 2.22 and T < 2.32, N (12) exists. Obviously, the region of nonzero negativity displays two distinct parts, which are due to a special energy-level structure as shown in figure 6 . The threshold temperature T th behaves as a decreasing function of J 2 . The NNN negativity N (13) versus J 2 and T is shown in figure 12 . The negativity vanishes when J 2 < 0.42 at any temperature. The threshold temperature T th is increased by increasing J 2 , similar to the cases of four and five spins.
Conclusions
In this paper, we have studied the properties of entanglement in both the dimerized and frustrated spin-one models. On the basis of the relation between negativity and correlators, we compute the negativities by the exact diagonalization method. In dimerized models, the maximal negativity is 1, and the interaction J 2 suppresses N (12) but enhances N (23) . When we increase the size of the dimerized model to six spin, the behaviours of negativity are not changed significantly. At different finite temperatures, it is true that both N (12) and N (23) are suppressed by the thermal fluctuation. We have numerically determined the threshold temperature T th , before which the state is doomed to be entangled.
For the frustrated models, we have considered the cases from four to six spins. At low temperature, the NNN interaction frustrates the NN negativity N (12) and enhances the NNN negativity N (13) . The negativities display a strong jump up or down at some critical points of J 2 , which has close relations with the energy level crossing. Specifically, for the case of the five-spin system, there exist two critical points: J 2 = −3.32 and J 2 = 1, at which the negativity N (12) falls to zero. In the six-spin frustrated model, N (12) has a particular sharp decrease near J 2 = 0.336 just due to its approximate degenerate energy-level structure.
In our numerical studies, although we cannot confirm whether the state is entangled or not in the region of zero negativity, we believe that the behaviour of negativities fully captures the key properties of entanglement in our dimerized and frustrated spin-one models as these models display an SU(2) symmetry. It is more interesting to study the effects of dimerization and frustration in higher spin systems and to study spin models without SU(2) symmetry, which is under consideration.
